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Abstract-In this paper, we estimate fractal dimensions of quasi-periodic orbits. Recently, Naito 
considered quasi-periodic orbits of Holder continuous functions and showed that if the frequency 
vector w satisfies certain Diophantine approximation type conditions, then in the n-frequency qussi- 
periodic case, the fractal dimension of its orbit is majorized by the value n/6 when it is Hiilder 
continuous with exponent 6, 0 < 6 5 1. We prove that the upper bound on the dimension given 
by Naito can be obtained rather more easily, and to our astonishment, for all frequency vectors 
w E IV. With the reverse Holder type condition, for a set of w, the corresponding lower bound on the 
dimension can be obtained by a similar argument. @ 2001 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION AND NOTATION 
Let X be a Banach space with norm 1 . (, A be any nonempty bounded subset of X, and let 
NA(E), E > 0 denote the smallest number of balls of X, radius E, which can cover A. The lower 
and upper fractal (or box counting) dimension of A, respectively, are defined as 
dimBA = lim,,, 1% NA(&) 
-log& ’ 
dimBA = ihi&, log NA(&) 
-logE * 
(1.1) 
(1.2) 
If these are equal, we refer to the common value as the fractal (or box counting) dimension of A, 
dimBA = lim ‘oaks). 
E+O 
The notation IIF used in [l] denotes dim~A. 
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There are several equivalent definitions of box counting dimension that are sometimes more 
convenient to use. In fact, the N,.I(E) can be any of the following [2]: 
(i) the smallest number of closed balls of radius E that cover A; 
(ii) the smallest number of cubes of side E that cover A; 
(iii) the number of s-mesh cubes that intersect A; 
(iv) the smallest number of sets of diameter at most E that cover A; 
(v) the largest number of disjoint balls of radius E with centres in A. 
This list could be extended further. 
A function g : Rn --f X is called a Holder function of exponent b E (0, l] if 
b(x) - S(Y)1 I CH 2 1% - Yi16, x7 Y E R”, (1.3) 
i=l 
for some constant CH. A fur&On g : lit” -+ X is called a reverse Holder function if there are 
constants 6 E (0, l], CR > 0, and a nonempty open ball D C In, I = [0, 11, such that , 
x,y~D. (1.4 
i=l 
A function f : I[$ + X is said to be almost periodic if, for each E > 0, there is a number I, > 0 
such that for every a E R, there exists o E [a, a + IE] with the property that 
If(t + a) - f(t)1 5 E, for all t E R. 
Here the number cy is called an &-almost period of f and 1, is called an inclusion length for the 
E-almost periods of f. A typical example is a quasi-periodic function, i.e., 
f(t) = g (wt, * . . , wn-16 W) 1 (1.5) 
where g : R” + X is a function of period 1 in each variable. 
In [l], Naito considers a quasi-periodic function f : R -+ X of the form 
j-(t) = 9 (Wlh.. f 1 wn-14 q , (14 
and shows that if the frequency vector w = (WI,. . . , W+I, 1) E R” satisfies certain Diophan- 
tine approximation type conditions then, for E > 0, the e-inclusion lengths of f have a certain 
asymptotic behaviour. He then deduces from this result that the fractal dimension of the orbit 
of f in X is bounded above by n/J when the function g is Holder continuous with exponent 6, 
0 < S 5 1 (see Theorems 3 and 4 in [l]). 
In this paper, we will prove that the upper bound on the dimension given by Naito can be 
obtained more easily, and, to our astonishment, for all frequency vectors w E R?. With the 
reverse Holder type condition, for a set of w, the corresponding lower bound on the dimension 
can also be obtained by a similar argument. 
2. MAIN RESULTS 
The purpose of this section is to estimate fractal dimension of quasi-periodic orbits. For our 
work, we need some facts. Propositions 2.1 and 2.2 come from Propositions 2.3 and 3.4, and 
Property (iv) in Section 3.2 of [2] (these results are easily extended to the case where the range 
of g is in a Banach space). The following Proposition 2.3 can be deduced from Theorem IV of 
[3, P. 531. 
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PROPOSITION 2.1. Let F c IP and suppose that g : F + X is a Hb;lder function of exponent 
6 E (O,l], i.e., 
n 
Then 
19(z) - S(Y)1 5 2 1% - YA X,YEllP. 
i=l 
and 
(2.1) 
bBg(F) 5 (yF). (2.2) 
PROPOSITION 2.2. Let P denote the closure of F (i.e., the smallest closed subset containing F). 
Then 
dim,F = c&,F (2.3) 
and 
dimsp = dimBF. (2.4) 
PROPOSITION 2.3. Let I = [0, l] and w = (201,. . . , w,) = (WI,. . . , w,_I, 1) E Rn. Let 
s={p=(pl,... ,&) E I” : ,L?i = wit (mod l), i = 1,. . . ,n - 1, pn = t (mod 1)). (2.5) 
If (WI,. . . , w,-1, 1) is not rationally related, then the set S is dense in In, i.e., S = In, where 
S denotes the closure of set S. 
Now, let C = U,,_n f(t) c X be the orbit of f. We have the following results. 
THEOREM 2.4. Let g : R” + X be one-periodic and Holder continuous with exponent S E (0,6], 
and let f : R -+ X be defined by (1.5). Then, for all frequency vectors w = (WI,. . . , w,) E Rn, 
7 
dimB C I n/s. 
PROOF. Let I = [O, 11. Since the function g is one-periodic, g is completely determined by its 
values on the set In. Consequently, let 
SlJ = {P = (Pl, * *. , @,)~I~:&=wit(modl),i=1,2 ,..., n}; (2.6) 
clearly, C = g(&). Thus, it follows from the continuity of g that 
(the overbar denotes closure). By Propositions 2.2 and 2.1, we have 
- 
dimB c = dimBE I dimBg (In) I 
(dimBI”) 
b = :, 
which gives the theorem. I 
Theorem 2.4 significantly improves the results of Naito (see Theorems 3 and 4 of [l]) and we 
show them rather more easily. With the reverse Holder type condition, for a set of w, a lower 
bound for bB C can also be obtained. Also writing 
SW = {P = (Pl, . . . , Pn) E I” : pi = wit (mod l), t E I = [0, 11) , 
as in (2.6), define the set 
(2.7) 
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We have the following. 
THEOREM 2.5. Let g : Rn -+ X be continuous, one-periodic, and be a reverse H6lder function 
of exponent 6 E (0, l] on a nonempty open ball D C In, and let f : W + X be defined by (1.5). 
If the frequency vector w = (w, . . . , w,) E G, defined by (2.7), then d&, C 2 n/s. 
PROOF. For all sufficiently small p > O,, we construct a set Ep of points p E D as follows. 
Consider the collection of cubes in the 2pcoordinate mesh of W”, i.e., cubes of the form 
[2pml, 2p(w+l)] x .** x [2pwJ, 2p(wz+l)l, (2.8) 
where ml , . . . , m, are integers. (Recall that a ‘cube’ is an interval in I[$i and a square in R2.) 
Let EP be the set of vertices p E D of cubes in the form (2.8). Clearly, the set EP has the 
following properties. 
(i) The distance between any pair of points pi,p2 E EP is greater than p. 
(ii) The number of points in EP is Np 2 Cop-“, for some Co > 0, independent of p. 
Since g is a reverse Holder function of exponent 6 E (0, 11, we have 
bbl) -g(PZ)l > cRe# 2 2 &R/f+), 
i=l 
for pi,ps E EP. Hence, to cover the image set g(E,) with balls of radius (1/2)GR# requires N,, 
such balls. Thus, from definition, 
- 1% ((1/2)cd) 
2 lim,,, 
1% (COP-“) n 
- log ((l/2)&@) = 3’ 
Now, let the frequency vector w = (201,. . . , w,) E G, defined by (2.7); it follows as in the proof 
of Theorem 2.4 that 
C=9(Su)=9(s,) =9(1”). 
From Propositions 2.2 and 2.1, we have 
&n c = d&az = m,g (In) > dim,g(D) 2 i. 
By using Proposition 2.3 together with Theorem 2.5, it is easy to see the following. 
COROLLARY 2.6. Assume the situation of Theorem 2.5. If the frequency vector w = (wl,. . . , 
%-1,wJ = (w,.. . , w,_I, 1) is such that (WI,. . . , w,_l, 1) is not rationally related, then 
&zj c 2 n/b. 
Now, Theorem 2.4, combined with Theorem 2.5, has the following immediate consequence. . 
COROLLARY 2.7. Suppose that the conditions of Theorems 2.4 and 2.5 both hold. Then dimB 
C = n/6. 
REMARK. If the exponents in the Holder condition take different values with respect to the 
arguments of the function g(., * . . , -), i.e., 
19(z) -9(?/)] 5 cH&i - ?& Xc,Y ERn, 
i=l 
then the conclusion of Theorem 2.4 holds by putting 
6 := min {Si, . . . , &} . 
Similarly, if the exponents in the reverse Holder condition take different values, say, 61,. . . , bn, 
then the conclusions of Theorem 2.5 and Corollary 2.6 also hold by putting 
6 := max (61, . . . ,6,} . 
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